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Proposed running head: The Reduction Principle 

Abstract 

In this paper we introduce a new type of differential equations with 
piecewise constant argument (EPCAG), more general than EPCA |11|I41|. 
The Reduction Principle [33] is proved for EPCAG. The continuation of 
solutions is investigated. We establish the existence of global integral 
manifolds of quasilinear EPCAG and investigate the stability of the zero 
solution. Since the method of reduction to discrete equations is dif- 
ficult to apply to EPCAG, a new technique of investigation of equations 
with piecewise argument, based on an integral representation formula, is 
proposed. The approach can be fruitfully applied for investigation stabil- 
ity, oscillations, controllability and many other problems of EPCAG. 

1 Introduction and Preliminaries 

1.1 Definitions and the description of the system 

The theory of integral manifolds was founded by H. Poincare and A. M. Lya- 
punov [371 |2H|, and it became a very powerful instrument for investigating 
various problems of the qualitative theory of differential equations. For the 
last several decades, many researchers have been studying the methods of re- 
ducing high dimensional problems to low dimensional ones. When discussing 
this problem for long-time dynamics of differential equations, we should con- 
sider the Reduction Principle [33 EEj- One can read about the history of the 
principle in [23 123 ESj and papers cited there. The principle was utilized 
in the center manifold theory, as well as in the theory of inertial manifolds 
[7J [2D] • R is natural that the exploration of the properties and neighbor- 
hoods of manifolds is one of the most interesting problems of the theory of 
differential equations P d El H3 HE1 123 123 ESI EHI One should not be sur- 
prised that manifolds and the reduction principle are one of the major sub- 
jects of investigation for specific types of differential and difference equations 
|21 13 13 IIIBlIi 1131131111 113121111^ Our main goal in this paper 

is to extend the principle to the differential equations with piecewise constant 
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argument of generalized type. For this purpose, we have developed another ap- 
proach to the investigation, different from what was proposed by the founders of 
the EPCA theory HUE]. 

Let Z, N and R be the sets of all integers, natural and real numbers, respec- 
tively. Denote by || ■ || the Euclidean norm in MJ 1 , n E N. Fix two real-valued 
sequences 0$, Q, i E Z, such that < 6> i+ i, 6i < Q < 9 i+ i for all z E Z, — >■ oo 
as |i| — > oo, and there exists a number 9 > such that — 0j < 9,i E Z. In 
this paper we are concerned with the quasilinear system 

z' = Az + f(t,z(t),z{(3(t))), (1) 

where z E M™,t E M.,/3(t) = Q, if t E [6i,9i + i),i E Z. One can easily see that 
equation (pQ) has the form 

/ = Az + /(t,z(t),z), (2) 

if t E [0i,0 i+1 ),2 = z(C0,i E Z. 

The theory of differential equations with piecewise constant argument 
(EPCA) of the type 

^ = /(*,*(*),*([*])), (3) 
where [■] signifies the greatest integer function, was initiated in JT] and has 
been developed by many authors |H C21 E2 EH EH ED E2] • They are hybrid 
equations, in that they combine the properties of both continuous systems and 
discrete equations. For example, even a scalar logistic equation may produce 
chaos EU , when the solutions are continuous functions. 

The novel idea of our paper is that system ([TJ is EPCA of general type 
(EPCAG) for equation (jHJ). Indeed if we take Q = 9i = i,i E Z, then takes 
the form of (|3*|). Another EPCA which can be easily written as EPCAG is the 
equation alternately of retarded and advanced type O IH] 

^ = /(t,x(t),x(2[(t + l)/2])). (4) 
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One can check that (0) takes the form of (jlj) if 0j = 2i — 1,Q = 2i,i G Z. 
Moreover, the system considered in [3] is a particular case of (JTJ), too. 
The following assumptions will be needed throughout the paper: 

(CI) A is a constant n x n real valued matrix; 

(C2) f(t, x, z) is continuous in the first argument, f(t, 0, 0) = 0, t G K, and / is 
Lipschitzian in the second and third arguments with a positive Lipschitz 
constant I such that 

- f(t,z 2 ,w 2 )\\ < l(\\z! - z 2 \\ + \\wi - w 2 \\) 
for alH 6 K. and z\, z 2 , wi, w 2 G M n . 

(C3) If we denote by Aj, j = 1, n, the eigenvalues of matrix A, then there exists a 
positive integer k such that /i = max J= j-^ 3? \j < 0, and min J= A;+1 - = 0, 
where dtXj denotes the real part of the eigenvalue Xj of matrix A. 

The previous condition implies that, without loss of generality, we can 
assume that 



where square matrices B + and B_ are of dimension k and n — k respectively, 
Xj,j = 1, k, are eigenvalues of the matrix B_ and Xj,j = k + l,n, are the 
eigenvalues of matrix B + . 

The existing method of investigation of EPCA, as proposed by founders, is 
based on the reduction of EPCA to discrete equations. It is obvious that this 
method is not applicable to the present problem. A new approach is based 
on the construction of an equivalent integral equation. Consequently, we prove 
a corresponding equivalence lemma for every result of our paper. Thus, when 



(C4) 
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investigating EPCAG, we need not impose any conditions on the reduced discrete 
equations, and hence require more easily verifiable conditions, similar to those 
for ordinary differential equations. It becomes less cumbersome to solve the 
problems of EPCAG theory (as well as of EPCA theory). 

The theory of EPCAG (EPCA) necessitates a more careful discussion of the 
continuation problem. The subject of backward continuation for functional dif- 
ferential equations was considered in ^Bj • In our paper it is necessary to analyze 
the forward continuation, too, as we also deal with equations alternately of re- 
tarded and advanced type. The backward continuation of the solutions of EPCA 
was investigated in ^T] through the solvability of certain difference equations. 
For our needs, we shall introduce less formal definitions than those in [TI], since 
we consider integral manifolds, and it is natural to discuss the global continuation 
of a solution of (JTJ) as well as its uniqueness on these manifolds. 

Definition 1.1 A solution z(t,t , zq),Q < to < ^+i> of (CJ) is said to be back- 
ward continued to t = Q if there exists a solution z(t, Q, z) of (0) such that 
z(to,(i>z) = zq. The solution z(t,to,Zo) is uniquely backward continued to t = Q 
if the continuation is unique. 

Definition 1.2 A solution z(t,t , z ),6i < t < Q, of JTJ) is said to be forward 
continued tot = Q, if there exists a solution z(t, Q, z) of such that z(to, C,i,z) = 
Zq. The solution z(t,to,z ) is uniquely continued to t = Q if the continuation is 
unique. 

The following example shows that even for simple EPCAG the continuation of 
some solutions can fail. 

Example 1 . 1 Consider the following EPCA 

z > = 3z-z 2 (2[(t+ l)/2]), (5) 
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where z G K, t G K. Let its s/iow t/iai no£ a// solutions of ([3J) can fre forward 
continued. Consider the interval [—1,0]. Fza; zq G R, and /e£ z(t, 0,zq) be a 
solution of It is clear that for a solution z(t, — 1, £0) to be forward continued 
to t = 0, in the sense of Definition the equation [e 3 — V\Zq — e 3 z^ — xq = 
must be solvable with respect to zq. Since this equation can not be solved for all 
zq G IR, the assertion is proved. Further, we shall consider the uniqueness of 
the continuation. Now let us focus on the backward continuation. Consider the 
interval [0, 1]. Fix numbers Zq, Z\ G M such that (z + zi)(l — e 3 ) = e 3 . Denote 
Zo(t) = z(t, 0,z ) and z\(t) = z(t, 0, 21)), which are solutions of (0). They are 
the solutions of the equations z' = 3z — z^ and z' = 3z — zf, respectively, and 
they are defined on [0,1). Since Zj(t) = e 3t zj + J* e 3 ^~ s ^ z^ds, j = 0,1, one can 
obtain, using the continuity of solutions, that zq{1) = zi(l). That is, the solution 
z(t, 1, 2i(l)) of (Ejj can not be continued back to t = uniquely. 

Next we consider the construction procedure for a solution of an initial value 
problem. We define the solution only for decreasing t, but one can easily see 
that the definition is similar for increasing t. 

Let us assume that 0i < Q < t < 9 i+ i for some i G Z. Suppose that 
z(t) = z(t,t ,z ) is back continued from t to t = Q in the sense of Definition 
11.11 Then conditions (CI) and (C2) imply that z(t) can be continued to t = 6i, 
as it is a solution of the following system of ordinary differential equations z' = 
Az + f{t,z{t),z{d)) on 

Next, we suppose that z(t,9i, z(9i,to, zq)) is back continued from t = Q{ to 
t = Q_i in the sense of Definition ll.il Then again we can conclude that z(t) can 
be continued to t = If z(t,9i-i, z(9i-i,t , z )) is back continued from 6>, ; _i 
to t = Q_2 in the sense of Definition II. 1[ then z(t) can be continued to t = 9i-2- 
Proceeding in this way and assuming that z(t,9j, z(9j,to, z )) is back continued 
from 9j to t = in the sense of Definition 11.11 for all j < i, we can find that 
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z(t, to, zq) is back continuable to — oo. We call this continuation of z(t,to, zq) to 
— oo as a solution of (QJ) on (—00, to]. Similarly, one can define a solution as the 
continuation on an interval [to, 00) as time is increasing. On the basis of the 
above discussion we can conclude that the following theorem is valid. 

Theorem 1.1 Assume that conditions (CI) and (C2) hold, Q is the maximal 
among Q which are smaller than to- Then z(t,to,zo) exists on (—00, to] if and 
only if z(t,6j, z(8j,to, Zq)) is back continuable to Q_i in the sense of Definition 
\l.l\ for all j < i. 

A similar theorem can be proved for forward continuation. 

In what follows we shall say that a solution z(t) is continued if it is continued 

backward or / and forward. 

Definition 1.3 A function z{t) = z(t,t , z ), z(t ) = z ,9i < t < i+1 ,i e Z, 
is a solution of on the interval [6i, 00) if the following conditions are fulfilled: 

(i) z(t) is continuable to t = Q; 

(ii) the derivative z'(t) exists at each point t G [8i, 00) with the possible excep- 
tion of the points 9j G [0$, 00) where one-sided derivatives exist; 

(Hi) equation (QJ) is satisfied for z(t) at each point t G [6i, oo)\{8j}, and it holds 
for the right derivative of z(t) at the points 6j G 00), j G Z. 

Remark 1.1 One can see that Definition \ l.tA is a slightly changed version of a 
definition from JT1], adapted for our general case. 

Definition 1.4 A function z{t) = z(t,t , z ), z(t ) = z ,9i < t < 6 i+1 ,i e Z, 
is a solution of (QJ) on the interval (—00, 6i + i] if the following conditions are 
fulfilled: 

(i) z(t) is continuable to t = Q; 
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(ii) the derivative z'(t) exists at each point t G (— oo,# i+1 ) with the possible 
exception of the points 9j G (— oo,# i+1 ), where the one-sided derivatives 
exist; 

(Hi) equation (QJ) is satisfied with z(t) at each point t G (—00, 6i + i)\{6i}, and at 
the points 9j G (— oo,# i+1 ) it holds for the right derivative of z(t). 

We shall also use the following definition, which is a version of a definition from 
[31], modified for our general case. 

Definition 1.5 A function z(t) is a solution of on R if: 

(i) z{t) is continuous on R; 

(ii) the derivative z'(t) exists at each point t G R with the possible exception of 
the points 9i,i G Z, where the one-sided derivatives exist; 

(Hi) equation (QJ) is satisfied for z(t) on each interval (6i,8i + \),i G Z, and it 
holds for the right derivative of z(t) at the points 9i, i G Z. 

Definition 1.6 A set E in the (t,z)— space is said to be an integral set of 
system if any solution z{t) = z(t,t , zo), z(t ) = z , with (t ,z ) G E, has 
the property that (t,z(t)) G S,t G R. In oi/ier words, for every (to,Zo) G E i/je 
solution z(t) = z(t, to, zq), z(to) = Zo, is continuable on R and (t, z{t)) G E, t G R. 

Definition 1.7 yl set E in the (t,z)— space is said to be a local integral set of 
system (Op if for every (t ,z ) G E there exists e > 0, e = e(t ,z ), such that if 
z{t) = zit, t , z ) is a solution of and \t — t \ < e then (t, z{t)) G E. 
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1.2 The existence and uniqueness of solutions on R 

In what follows we use the uniform norm ||T|| = sup{||Tz|||||^|| < 1} for matri- 
ces. 

It is known that there exists a constant Q > such that ||e j4 ^ _ ' s ^|| < e n '*~ s ', 
t, s G R. Hence, one can show that 

|| e A(t-s)|| > e -n\t-s\^ t ^ s e M> 

The last two inequalities imply the following, very simple but useful in what 
follows, estimates 

|| e ^-)||< M; || e ^- s )||>m, 

if \t - s\ <6, where M = e™, m = e~ m . 
From now on we make the assumption: 

(C5) MWe MW < 1, 
2MW < 1, 

MH6{MM^ + MWe Ml() }<m. 

Theorem 1.2 Assume that conditions (CI) — (C3), and(C5) are fulfilled. Then 
for every (t , z ) GlxM™ there exists a solution z{t) = z(t,t Q ,z ) of (QJ) which 
is defined on R and is unique. 

Proof. The existence of the solution. Let us consider only backward continuation, 
since forward continuation can be investigated in a similar manner. Theorem ll.il 
implies that it is sufficient to consider the continuation of a solution z(t) = 
z(t, 9i, z(9i, t , zq)) from $i to for all i 6 Z. We have that 

z(t)=e A ^z(9 i )+ fe^fis^islziQ^ds 

on [Ci-i,^]- 
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Define a norm ||z(i)||o = maxr^_ 1) g i ] ||z(i)||, and take zo(t) = e A( - 1 e ^z(9i). 
Define a sequence 

z m+ i(t) = e^-^z^) + [ e A ^f(s,z m (s),z m ((i-i))ds, m > 0. 

hi 

The last expression implies that 

\\z m+l (t) - z m (t)\\ < [2MW} m+1 M\\z(9 t )\\. 

The existence is proved. 

The uniqueness of the solution. Denote Zj(t) = z(t,t , z 3 ), Zj(t ) = z J ,j = 
1, 2, solutions of where 6i < to < 0i+i- It is sufficient to check that for every 
t G [9i, i+ i], Zq 7^ Zq implies z\(t) ^ z 2 (t). We have that 

Zl (t)- Z2 (t)=e A ^\zl-zl)- [ t e A ^[f(s,z 1 (s),z l (C i )-f(s,z 2 (s),z 2 (Ci)]ds. 
Hence, 

\\z 1 (t)-z 2 (t)\\ < MWz^-zlW+MWWz^Q-z^W + Mll [ \\ Zl (s) - z 2 (s)\\ds\. 

Jt 

The Gronwall-Bellman Lemma yields that 

\\zi{t) - z 2 (t)\\ < M{\\zl - zl\\ + W\\ Zl (Ci) - z 2 (Q)\\)e MW . 
Particularly, 

I MO) - ^{CdW < M(\\z% - 4\\ + WlMCi) - Z2(G)\\)e MW . 



Then, 



Hence, 



IWiQ - zziQW < 1 _ MWeMW H-^\ 



\\ Zl (t) - z 2 (t)\\ < Me*™[l + l _^ Q ^ w \ K ~ 411- (6) 
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Assume on the contrary that there exists t G [9i, 0i+i] such that z\(t) = z 2 (t). 
Then 



f e A( *" s) [f(s, z 2 (s), z 2 (Q)) - f(s, z 1 (s), z 1 (d))]ds. (7) 

We have that 

\\e A ^\zt-zl)\\>m\\zl-zl\\. (8) 
Moreover, (jHJ implies that 

II / e A ^[f(s,z 1 (s),z 1 (( i )-f(s,z 2 (s),z 2 (( i )]ds\\ < 

Finally, one can see that (C5), (jSJ) and (jHJ) contradict (J7J). The theorem is proved. 

Remark 1.2 Inequality (G|) implies continuous dependence of solutions of (dp on 
the initial value. 

2 The existence of integral surfaces 

Fix a number u6l such that fi < —o < 0. Clearly, there exist constants K > 1 
and m e N, m < n — k, such that 



< Ke- at , and | |e- B -*|| < K(l + t 



for all t E R + = [0, oo). 

Using condition (C4) one can write equation ((TJ) as the following system 

nil 

- = B_ V + /_(*, *(*),*(/?(*))), (10) 
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where z = (u,v),ue R k ,v e R n ~ k , (/+,/_) = f(t,z(t),z((3(t)))- 
Fix a number a, < a < a, and denote 



POO 



7 = / (l + t m )e~ at dt. 
Jo 

We shall establish the validity of the following lemma. 

Lemma 2.1 Fix iV 6 K,iV > 0, and assume that conditions (CI) — (C3) are 
i>a/za\ A continuous function z{t) = (u, v), \\z(t)\\ < iVe~ a (*~* ), t > to, is a 
solution of (Op on R and only if z(t) is a solution on M. of the following system 
of integral equations 

u(t)=e B ^-^u(t )+ f e B +^f + {s,z{s),z{(3{s)))ds, 

POO 

v(t) = - e B -^f4s,z(s),z((3( S )))ds. (11) 



t 



Proof. Necessity. Assume that z(t) = (u,v),\\z(t)\\ < Ne a{ - 1 to \t e [t ,oo), is 
a solution of ((TJ). Denote 



m=e B +{ t-to) u{to)+ / e B + (t~s) f+ ^ z{s ^ ms)))d 



S. 



to 



m = ~ e B -^fL(s,z(s),z((3(s)))d S . (12) 



By straightforward evaluation we can see that the integrals converge, are bounded 
on [£ ,oo), and, moreover, 



\\m\<Ke-^\\u(t )\\ + 



Kl 



a — a a [e t ,u % , 



+ 2— max \\z(s) I |e' 



°(\to\+9) 



e -<*{t-to) 



\\if)(t)\ \ < KljN(l + e a9 )e- a{t - to) . (13) 
If t ^ 6 h i G Z, then 

<t> , {t) = B + <p(t) + f + {t 1 z(t) 1 z{l3(t))) 1 
^(t) = J B^(t) + /_(t,^(t),^(/5(t))), 
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and 

u\t) = B + u{t) + f+{t,z(t),z(/3(t))), 
v'(t) = B„v(t)+f„(t,z{t),z{P{t))). 

Hence, 

[<P(t)-u(t)]' = B + [<l>(t)-u(t)], 
W) - v(t)]' = B_m) ~ *{*)]■ 
Calculating the limit values at 9j G Z we can find that 

4>\9j ± 0) = B+Wj ± 0) + f + (9 3 ± 0, z{9 3 ± 0), ± 0))), 

u\9 j ± 0) = B+u^- ± 0) + / + (^- ± 0, z{9j ± 0), z((3(9j ± 0))), 
V>'(0j ± 0) = B + ij)(9j ± 0) + /(^- ± 0, z(9j ± 0), z(/3(0,- ± 0))), 
v'(9 j ± 0) = ± 0) + f-(9j ± 0, ^ ± 0), ztfiOj ± 0))). 

Consequently, 

[<f>{t)-u(t)]'\ t=0 . +o = [<f>{t)-u(t)]'\ t=0j - Q , [i>(t)-v(t))'\ t=e , +0 = [ip(t)-v(t))'\ t=ej -o. 

Thus, (0(t) — u(t),ip(t) — v(t)) is a continuously differentiable on K function 
satisfying tt'(t) = B + u(t),v'(t) = B-v{t) with the initial condition 0(to) — u ifo) = 
0. Assume that ip(t ) —v(t ) ^ 0. Then ip(t) —v(t) is not a decay solution, which 
contradicts (JUI). Hence, 0(t) - u(t) = 0, V>(*) - = on R. 
Sufficiency. Suppose that z(t) is a solution of (jTTjl . Differentiating in £ G 
(0j,0j + i), i G Z, one can see that the function satisfies (P). Moreover, letting 
t — > 9i+, and remembering that z((3(t)) is a right-continuous function, we find 
that z(t) satisfies (JTJ) on [0$, The Lemma is proved. 
Denote 

p = ir(l + e ae )[^^ + 7 ]. 

(7 — Q! 

In what follows we mainly use the technique of [SEj • See also ESj • 
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Theorem 2.1 Suppose conditions (CI) — (C5) are fulfilled and, moreover, 

2pl < 1. (14) 

Then for arbitrary a G (0, a) there exists a function F(Q,u), £ G Z, satisfying 

F(Ci,0) = 0, (15) 
||F(Ci,«i)-F(Ci,«2)|| ^P^II^-^H, (16) 

/or a// z, iii, U2, suc/i t/iat a solution z(t) of |7J) wift z(Ci) = (c, c), c G M fc , 
is defined on R and satisfies 

\\z(t)\\ < 2K\\c\\e- a(t -^\t> Q. (17) 



Proof. Let us consider system (JTTj) and apply the method of successive approxi- 
mations. Denote z (t) = (0, 0) T , z m = (u m , v m ) T , m G N, where for m > 



n m+ iW=e iJ +^»c+ / e B +^/+(5^ m (s),z m (/3( S )))(i S , 

/oo 
e B - ( *- s) /-(s^ m (s)^ m (/?( S )))rf S . 

Let us show that 

\\z m (t)\\ <2K\\c\\e- a(t -^\t <Q. (18) 
Indeed, Zq satisfies the relation. Assume that z m _i satisfies (fTSj) . Then 



I M*) 1 1 < if e- ff (*-&) | \c\ | + 2 ^ 2 Kl + e ae ) e - a(t - Ci) | |c | ^ 

a — a 

\\v m {t)\\ < 2 1 K 2 l{l + e ad )e- a(t -^\\c\\, (19) 

and ()18|) is valid provided (|14|) is correct. Similarly, one can establish the follow- 
ing inequality 

- z m (t)\\ < K\\c\\(2pl) m e- a(t -^. (20) 
14 



The last inequality and assumption (fTlj) imply that the sequence z m converges 
uniformly for all c and t > Q. Let z(t,Q,c) = (u(t, Q, c), v(t, Q, c)) be the limit 
function. It is obvious that the function is a solution of (jllj) . By Lemma 12.11 
z(t, Q, c) is a solution of ((TJ), too. Taking t = Q in (fTTj) we have that 

u{d, Q, c) = c, 

Denote F(Q, c) = v (Q, Q, c). Since 

\\v m (t,(i,ci) - v m (t,(i,c 2 )\\ < pKl\\d - c 2 \\, m > 1, (21) 

inequality f)16|) is valid. The theorem is proved. 

For every i G Z consider a set of continuous on M functions such that if ip G 
then there exists a positive constant 1^, satisfying HV'tX)!! < K^e" 01 ^'^, Q < 

t, where constant a is defined for Theorem 12.11 

Lemma 2.2 For every Q,i G Z, c G M fc , i/ie system 

u{t) =e B+(i - io) c+ f e B+ ^ s) f + {s, z{s), z{(3{s)))ds, 
e B -(*- s )/_( S ,z( S ),z(^( S )))d S . 

/ias on/y one solution from 

Proof. If and 22 are two solutions of the system bounded on 00), then by 
straightforward evaluation one can show that 

sup I |^i — z 2 \\ < 2pl sup I |^i — z 2 \ \. 

[Ci,°°) 

Hence, in view of (114)1 the lemma is proved. 

Let us denote by the set of all points from the (t,z)— space (z = (u,v)) 
such that t = Q, v = F(Q, u). 
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Lemma 2.3 If (Q, zq) G" S^, then the solution z(t, Q, zq) of (OP is not from 

Proof. Assume on the contrary that z(t) G \&i,z(t) = z(t,Q,zo) — i u ,v), is a 
solution of (JH) and (Ci, Zq) G" . It is obvious that 

u(t) = U(t,Q)u(Q)+ [ U(t,s)f + (s,z(s),z(P(s)))ds, 

/oo 
V(t,s)f4s,z(s),z(i3(s)))ds, (22) 

where 

POO 

k = v(Cd+ / V(t,s)g.(s,z(s),z((3(s)))ds, 

and the improper integral converges and is bounded on [£j,oo). But condition 
(C3) on eigenvalues of matrix B_ imply that \\V(t, — > as t — > oo if only 
k = 0. By Lemma 12.11 z(t) satisfies (jlljl with to — Ci- The contradiction proves 
the lemma. 

Let S + be the set of all points from the (t, z)— space (z = (u, v)) such that 
either (t,z) G for some i G Z, or there exist Cij Ci < t, c G IR fc , such that 
(Ci, c) G 5+ and z = z(t, Ci, c). 

Theorem 2.2 S + is an invariant set. 

Proof. Assume that (d,u ,v ) G S^,z = (u ,v ). We show that if z(t) = 
z(t, Q, z ), then (6j, z{9 j )) G S+ for all j > i. Indeed, if t > 9j then \\z{t) \ \ < (K+ 
e)||ito||e -a ^ - ^^e _a ^ - ^. Lemma I2~T1 implies that the point (9j,z(9j)) satisfies 
the equation v = F(t, u). If (9, £) G S + \ U i£ % Sf, then by the definition and the 
previous part of the proof z(t, 0, £) G S + for all t > 9. Assume that (Ci, z ) G S^, 
and denote z(t) = z(t,Q,Zo). Lemma 12*731 implies that (z(0j_i), G Sj~. The 
theorem is proved. 

On the basis of Theorem 12 .2\ Lemmas 12 . II and 12 . 31 we can conclude that there 
exists an invariant surface S + of equation (f"f|. such that every solution starting 
at S + tends to zero as t — > oo. 
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Denote z(t,r,c) = (u(t,r,c),v(t,r,c)),t,r G IR, c G M. k , a solution of (JTJ) such 
that u(r,r,c) = c. From the discussion above it can be seen that surface S + 
contains solutions which satisfy the equation v = F(t,u), (t,u) 6lx M k , where 

e B.(t-s) j_( Sj z ^ ^ u ^ z (f3( s )^ t , u))ds. (23) 
It is obvious that F(t, u) is a function continuous in both arguments. 

Theorem 2.3 Suppose conditions (CI) — (C5) are fulfilled. Then for an arbi- 
trarily small positive a and a sufficiently small Lipschitz constant I there exists 
a function G(d,v),i G Z, from M. n ~ k to Mr, satisfying 

G(Ci,0) = 0, (24) 
\\G(C i ,d 1 )-G(C i ,d 2 )\\<Pl\\d 1 -d 2 \\ (25) 

for all di,d 2 , such that a solution z(t) of J7J) with z(Q) = (G(Q,v ),v ),v G 
R" _fc , is defined on M and satisfies 

\\z{t)\\<D\\v \\e- & ^\t<Ci, (26) 
where P,D>0 are constant. 

Proof. Let us denote k — | and 7](t) = z(t)e Kt . Then system ([Q is transformed 
into the equation 

f t = (B + + Kl)£ + g + (t, V (t), V (f3(t))), 

^ = {B. + Kl)C + g-(tMtUm))), (27) 

where r\ = (£, uS), I is an identity matrix, r](P(t)) = z{l3{t))e~ Kf3( ' t \ and g(t, z, y) = 
(9+1 9-) — eKt f(t, ze~ Kt , ye~ K/3 ^). It is easy to see that the function g(t,z,y) 
satisfies the Lipschitz condition in z, y with a constant le Ke , and the eigenvalues 
of the matrices B + + kI and £>_ + k1 have negative and positive real parts, 
respectively, such that fi + k = max J - = y^:3ftAj(-B + + kI) < —a + k < 0, and 
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min J= fc+1 - dt\j(B_ + kI) = k > 0. Fix a positive number k < min{<7 — n, k} = k. 
There exists a positive number K such that 

|| e (s++«/)(t- s )|| < Ke~^~ s \t > s 
|| e (B_+«j)(t- 8 )|| <^e«(t--) jt < s . 

To continue the proof we need the following two assertions which can be proved 
similarly to Lemma f2. II and Theorem 12.11 

Lemma 2.4 Fzz N G R, N > 0, and assume that conditions (CI) - (C3) are 
i>a/zd. 4. continuous function r)(t) = (£, a>), ||^(t)|| < iVe a( -* _ * ), < a < «,t < 
to, 0j < t < Oj+i, is a solution of fF7| ) on (— oo, t ] a^d cm^2/ tfvit) ^ s a solution 
of the following system of integral equations 

Z(t)= f e^ +Kl ^g + (s,r,(s)Mm))ds, 

J — oo 

w(t) = e (B - +K/)( '-' o) cu(t ) + f e {B - +Kl)( ~ t - s) g_{s,r ] {s),r ] {f3{s)))ds. (28) 

J to 



LEMMA 2.5 Suppose conditions (CI) — (C5) are fulfilled. Then for an arbitrary 
«i G (0, k) and a sufficiently small Lipschitz constant I there exists a function 
G(d,u),i G Z, satisfying 

<5(Ci,0) = 0, (29) 
||G(Ci,di) - G(Ci,d 2 )|| <Pi||di-da||, (30) 

where P is a positive constant, and such that £o — G(d,u>o) defines a solution 
r)(t) of (OJ) with 77(G) = (<5(Ci,^o),^o) and 

||n(t)|| <2/?||^o||e ai ^,t<Ci. (31) 
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Similarly to (|2*3|l one can show that if T](t,r,c) = (£, cu) is a solution of (JTJ) such 
that o;(r) = c, then 

<5(f , w) = f e^ +Kl ^g + (s, rj(s, t, u),rj(^(s),t, u ))da. (32) 

Let us now finish the proof of Theorem 12.31 Applying the inverse transfor- 
mation z(t) = 7](t)e~ Kt we can define a new function G(Q,v) = e~ Kt G(Q,ve Kt ) 
and check that 

\\G{C i ,v 1 )-G(C i ,v 2 )\\<Pl\\v 1 -v 2 \\, (33) 

and 

\\z(t)\\<2K\\v \\e {a ^ K)it ^\t<Cn 
if uq = G(d,vo). If we denote now D = 2K and choose R sufficiently close to k 
then we can take a,\ = k — a > such that the last inequality implies The 
theorem is proved. 

Using the equation ^ = G(t,u) we can define, similarly to S + , an integral 
surface S such that every solution of (|2T|) starting on S tends to the origin 
as t — > — oo. Then an integral set So for (JTJ can be defined by the equation 
u = G(t,v). 

3 The stability of the zero solution 

We shall need the following definitions. 

Definition 3.1 The trivial solution of (QJ) is stable, if for any e > and any 
t G R, there exists a 5 (to, e) > such that if\\zo\\ < 5 (to, e), then \ \z(t, t , zq)\\ < 
e for all t > t . If the 5 above is independent of to then the zero solution is 
uniformly stable. 

Definition 3.2 The zero solution of (QJ) is asymptotically stable, if it is stable 
and if there exists a So(to) > such that if \\zq\\ < 5o(to), then z(t,to,z ) — > 0, 
as t — > oo. 

19 



Definition 3.3 The zero solution of (QJ) is uniformly asymptotically stable, if 
it is uniformly stable and there is a k,q > such that for any to G M, there exists 
a T(e) > 0, independent of t , such that \ \z(t, t , z )\ \ < e for all t > t +T(e) 
whenever \ \zq\\ < k . 

Definition 3.4 The zero solution of (QJ) is exponentially stable if there exists 
an a > 0, and for every e > and t there exists a 5(e, t ) > 0, such that 

\\z(t,t ,z )\\<ee- a ^ 

for all t > to, whenever \\zq\\ < 5. If the 5 above is independent of to then the 
zero solution is uniformly exponentially stable. 

System (JTJ) is an equation with a deviating argument, but one can easily 
see that Definitions 13.11 - 13.41 coincide with the definitions of stability in the 
Lyapunov sense for ordinary differential equations ^3 EH] • They do not involve 
the concept of initial interval for an initial value problem. This phenomenon 
must not surprise us, as the right side of ((TJ) depends only on one "delayed" 
value of a solution at t = Q if 6*j < t < 9i+x,i G Z. For EPCA where argument is 
delayed O E] the stability is investigated with t = 0. Continuous dependence 
on the initial value provided by (jBJ) helps us to investigate stability assuming 
that the initial moment t can be an arbitrary real number. 

Theorem 12.11 considered with k = n and inequality © imply that the follow- 
ing assertion is valid. 

Theorem 3.1 Suppose that conditions (CI), (C2) and (C5) are fulfilled, and all 
eigenvalues of matrix A have negative real parts. Then the zero solution of (QJ) 
is uniformly exponentially stable if the Lipschitz constant I is sufficiently small. 

Comparing Definitions 13.31 and 13.41 we can conclude that if the zero solution 
is uniformly exponentially stable then it is uniformly asymptotically stable. 
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4 The stability of the integral surface So 

Theorem 4.1 // the Lipschitz constant I is sufficiently small then for every 
solution z(t) = (u,v) of (QJ) there exists a solution fi(t) = ((j),ip) on So such that 

\\u(t)-<P(t)\\ < 2K\\u(Q - cP(Ci)\\e- ait - Ci \ 

\\v(t)-m\\ < KMQ-^QWe-^^Q < t, (34) 

where a is the coefficient defined for Theorem \2.1\ 

Proof. Fix a solution z(t, Q, zq) of ((TJ) . Denote by fi(t,Q,d) = ((f), ip) a solu- 
tion of ((H) such that tp(d,Cijd) = d,<p(Q,Q,d) — G(Q,d). Let us carry out the 
transformation 

X(t)=u-<f>(t),Y(t)=v-i>(t), (35) 

in system and denote Z = (X, Y). The transformed equation has the form 

dX 

— = B + X + Q + (t,Z(t),Z((l(t)),d), 
dY 

— = B_Y + Q_(t, Z(t), Z((5(t)), d), (36) 

where Q(t,X,Y,d) = (Q+, Q_) = f % z(t), z{P(t))) - f(t, fi{t), ^ '(*))). One can 
see that Q satisfies the Lipschitz condition with the same constant I. By Theorem 
12 .11 there exists a function F such that the equation Y = F(Q, X, d) defines a set 
for (|31))) which satisfies, according to (|T5|) and (fT^j). the following properties 

F(C<,0,d) = 0, 

\\F{b, X x ,d)- F{&, X 2 , d) 1 1 < pKl\ \X X - X 2 \ I . (37) 

Using (jl4j) and formulas similar to (fTHj) one can see that every solution 
Z(t),Z(Q) = (X ,F(Q,X )), satisfies 

\\X{t)\\ < Ke-^-^\\X \\ + 2K2l ( 1+eaB h -« t -M\\X \\, 



2 l(l + € a<l ' 

a — a 

\\Y(t)\\ <2 1 K 2 l(l + e ae )e- a{t -^\\X \\. (31 
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Let us show that there exist Xo and d such that for solutions z(t) and (X(t), Y(t)) 
of systems ((TJ) and (jSEJ), respectively, 

X(t) = u(t, Ci, zq) - 0(t), Y(t) = v(t, Q, Zq) - 1>(t). 

The last equalities for t — Q have the form 

X = u - G{&, d), F{d, X , d)=v - d. (39) 

Let us consider the system as an equation with respect to X and d. We shall 
show that it has a solution for every pair (uo,Vo). Equation implies that 

d = v -F(( u u -G(Q,d),d). (40) 
Applying properties (|37|) of the function F and equality f|40jl we can write that 

\\d-v \\<pKl\\u -G(Ci,d)\\. 
Since the function G satisfies the Lipschitz condition, using 

\\d-v \\ < P Kl\\u - G(Ci, vo)\\ + pKl\\G((i, d) - G(Q, v )\\, 
one can show that 



pKl 
1 -pPKP 



\d-v \\< - ^— g |K-C(C^ )||. (41) 



We assume that 1 — pPKl 2 > 0,pKl(l + PI) < 1, and will consider the 
ball B = {d : \\d - v \\ < \\u - G(d,v )\\}. Inequality (jUJ) implies that pOjl 
transforms B into itself, and by Brauer's theorem there exists a fixed point of 
the transformation. Denote the point by d. Substituting d into the first equation 
of one can obtain the value X . The pair (X , d) satisfies system (jHEJ)- Now, 
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applying (|38p , ((Hj) and the theorem of existence and uniqueness we can complete 
the proof of the theorem. 

We shall introduce a notion of stability for an integral set Denote by 

M C ffi. x M. n an integral surface of and by d(z, M) the distance between a 
point zGl" and the set M. 

Definition 4.1 M is a stable integral surface of (QJ) ; if for any e > 0, there 
exists a number 8 > 0,6 = d~(e,t Q ), such that if d(z , M(t )) < S, then 
d(z(t, t , z Q ), M{t)) < e for all t > t . 

Definition 4.2 A stable integral surface M is stable in large, if every solution 
of (Op approaches M as t — > oo. 

Theorem 14.11 implies that the surface So is stable, and, moreover, it is stable 
in large. 

5 The reduction principle 

The following conditions are needed in this part of the paper. 

(C6) The function f{t,z,w) is uniformly continuously differentiable in z,w for 
all t, z, w, and 

df(t,o,o) _ Q a/ft, 0,0) _ Q 

dz dw 

(C7) If we denote by Xj, j = 1, n, the eigenvalues of matrix A, then there exists 
a positive integer k such that fi = max^y-^ 3? \j < 0, and 3?Aj = 0,j = 
k + 1, n, where 3?Aj denotes the real part of the eigenvalue Xj of matrix A. 

Denote 

T(h) = {(t,z) E R x R n : ||z|| < h} 

for a fixed number h > 0. Assume that e > is sufficiently small for the Lipschitz 
constant /, provided by (C6), to satisfy all conditions of Theorem 12.31 in T(eo). 
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Denote e\ = jfe, where K is the constant from (|3~T|). 

By Lemma [2~o1 there exists a local integral manifold of (J27|) in T(ei) such that 
a solution starting on the manifold is continuable to — oo, and is exponentially 
decaying. 

Using the inverse transformation z = rje~ Kt one can obtain a local integral 
manifold of (JTJ) in T(ei) given by equation u = G(t,v). Solutions of (JTJ) on the 
manifold are not necessarily continuable to — oo in T(ei). For the function G 
condition (}3*3*j) is true and G(t, 0) = 0, t G R. On the local manifold solutions of 
(HJ) satisfy the following system 

/77; 

- = S_ V + /-(t,(G(t,t;(t)) l t;(t)) l (G(t l t;03(t))),t;G9(t))). (42) 

We can see that the function f-(t, (G(t,v),v), (G(t,v),v)) satisfies the Lipschitz 
condition in v, v with the constant 1(1 + PI). 

Theorem 5.1 Assume that conditions (CI) - (C2),(C4) - (CI) are fulfilled. 
The trivial solution of (CP is stable, asymptotically stable or unstable in Lyapunov 
sense, if the trivial solution of \4 6 4) i> s stable, asymptotically stable or unstable, 
respectively. 

Proof. Consider system (JTJ) in T(ei). We assume, additionally, that e is suffi- 
ciently small such that conditions of Theorem 14. II are valid in T(eo), and, more- 
over, 

1 + PI < 2. (43) 

Suppose that the zero solution of (J42j) is stable in the sense of Definition l3.ll Fix 
an e > 0. Without loss of generality we assume that e < e 1 . 

In view of Remark 11.21 we can assume that to — d f° r some fixed i G Z. Fix 
a positive number v such that the inequality 

2z/(l + PI) < 1 (44) 
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is true. The stability implies the existence of 5 > 0, < 25 < e, such that 
if d e M n ~M|d|| < 25, then the solution v = ^(t,d,d) of (@2J) satisfies the 
inequality 

\\xfj(t,(i,d\\<ve,Ci<t. (45) 

Let Mo and vo be arbitrary vectors satisfying ||m || + \\vq\\ < 5. Denote z(t) = 
z(t, d, zo), z(Q) = zo,zo = (uo,vo), a solution of ((TJ). Further we shall follow the 
proof of Theorem l4. ll specifving it for the local case. Let fi(t) = fi(t, Q, d) = (0, ip) 
be a solution of (JTJ) such that Ci> d) = d, <p(Q, 0; d) = G(Q, d) and ip(d, Q, d) 
satisfies (|4*H|) . Applying ()45)1 and the Lipschitz condition on G we have that 
\\4>{t,(i,d)\\ < Plise,(i<t. Then \\^((t,Ci,d)\\ < (1 + Pl)ve,(i>t. Finally using 
(|4*4"j) we can write that 

IM*)II<^. (46) 

Applying transformation we obtain equation (jHEJ). From (f4*E|) it follows 
that ()35|) transforms neighborhood T(|) for (|36|) into neighborhood T(e) for 
So, the conditions set by Theorem 14.11 for the coefficient I are valid if (}3T)j) is 
considered in |— neighborhood of X = 0, Y = 0, t G M. 
Now, if we assume that 

SfjiT^ < 47 > 

then similarly to the sequence (u m ,v m ) in Theorem 12.11 we can construct a se- 
quence Z m = (X m ,Y m ),m > 0, such that (X ,lo) = (0,0) T , 

x m+ i(t) = e B +^x(( i )+ f e B +^Q + { s ,z m ( s ),z m {p{s)))ds, 

hi 

/oo 
e B -^Q^s,Z m (s),Z m (f3(s)))ds, 
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\X m (t)\\ < Ke-°™>\\X(Ci)\\ + 2K2Kl + eae) e- a ^\\X(Q)\\, 

a — a 

\Y m (t)\\ < 2^1(1 + e ad )e- a ^\\X(Q)\\, (48) 



and, hence, 



\Z m (t)\\ < K(l + 2 P l)\\X(Ci)\\e- a ^ <-,(i< t, 



The limit function Z(t) = (X(t),Y(t)) of the sequence is a solution of (jHHJ) and 
satisfies 

||Z(t)|| <K(l + 2pl)\\X(( i )\\e- a ^ < 1 Ct<t, (49) 

Hence, we can define a function F(Q,X,d) such that Y(Q) = F(Q,X(Q),d), 
which satisfies (J37J). Next, we can prove using (}4~5j) and (|4*Hj) the existence of a 
pair (Xo,d) such that 

X = u - G(&, d),v -d = F(d, X , d), 

Poll < k, \\d\\ < 25. 

11 011 2K(l + 2piy 11 11 

Now, transformation (|35|) and ()49|) imply that 

\\z{t, Q, zo) - fi{(t, Q, d) 1 1 < (1 + 2pZ) | \X \ \e~ a ^\ & < t. (50) 
From (JH3) and ((HDD it follows that 

||z(t,Ci,2b)|| < e, Ci <*■ (51) 

Now, we can conclude in view of (}5T|) that the zero solution of (JIJ is stable. 
Assume that the zero solution of (}4*2*|) is asymptotically stable, then (I5U|) implies 
that the zero solution of (JTJ is also asymptotically stable. Finally, it is obvious 
that if the zero solution of (pf2*|) is unstable, then the trivial solution of is 
unstable as well. The theorem is proved. 
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